Chapter Eleven: My Fourth Singularity Study: 


A Sixth Form Student’s ‘Conceptual Vision’ in Mathematics 


Considered in Relation to the Understandings of 


Vygotsky, Piaget, and Two of My Teaching Colleagues





My decision to focus on one sixth form student (Hugh) and his learning in higher level mathematics was centrally based on an educational standard of judgement of wanting to act more justly in the classroom in the context of responding to the question, ‘How can I help you to improve your learning and contribute to your educational  development?’.





I believe I have already explained in sufficient detail my approach to social justice and to enacting a preferential option for the most ‘disadvantaged’ (least favoured) students [Chapter Eight]. My present primary focus is on the notion of growing to a fuller appreciation of, and a fuller understanding of, a sixth form mathematics student’s conceptual vision within the context of acting more justly in the classroom.





The following excerpt from my fourth study of a singularity (1997) describes my response to the notion of ‘conceptual vision’ which was introduced into our November 1996 dialogue by Breid Carberry, a critical friend from a local girls’ convent secondary school (Singularity Study Four: pp. 15-16):





Journal, November 26th, 1996 





Breid helped me to develop a more hopeful vision regarding understanding errors that students make in mathematics. --- When a student makes a mistake it is often the case that the student’s ‘conceptual vision is blocked but there is a pattern to it -- something comes over’.





This meeting with Breid made a deep impression on me to give a little more time to:





attending to the ‘something that comes over’ from the student and identifying the pattern in what a student says or writes with a view to helping the student to unblock their vision --- often this is done by hinting at or suggesting a connection between two concepts with the purpose of building a particular conceptual structure in mathematics that has the potential to help a student to both understand and solve a problem in mathematics.





At the same time, after twenty years of teaching, I see myself as being quite good at discovering where a student is having difficulty in understanding mathematics. The following excerpt from my conversation with a ‘critical friend’ [in my 1995 study], Joe English [who observed two videos of my classroom practice], refers to my work rate and to my ability to tune in to students’ conceptual structures in mathematics (Singularity Study Two: page 39):





Joe  And they work hard as well but I think you work very hard --- I’ve down here (Joe’s notes) --- your brain [I prefer the term ‘mind’] works very hard when they are working because you are really getting into the map of the pupil - into the mind of the pupil when they are working at it and you are trying to see where the difficulties are - you know.





James  I know.





Joe  It’s tough going. It can be very fatiguing. [Singularity Study Four: pp. 15-16]








Throughout this chapter I will draw on, and debate with, understandings from Vygotsky (1896-1934) and Piaget (1896-1980)� with a view to enhancing my descriptions and explanations of my practices and understandings associated with my fourth study of a singularity, in particular, with the notion of  Hugh’s conceptual vision in sixth form higher level mathematics, and also with a view to creating a sense of vision for my future teaching and research practice.





In ‘spend(ing) a little more time - looking for the pattern in the approach that a student has adopted in a written or oral piece of work in mathematics where the student has made one or more errors’ [Singularity Study Four: page 16] in Hugh’s situation I have tried to come to a deeper understanding of what a student can do rather than over-focusing on what a student can’t do. This stance was retrospectively bolstered for me when I recently read (February, 1998) that Piaget’s, 





‘towering contribution was to try to enter the world of the child, and understand it from the child’s viewpoint’� (Fontana, 1995: p. 61). 





Despite Vygotsky’s different approach to learning and development (Vygotsky, 1978: pp. 79-91) which will be discussed later, he applauded the fact that Piaget, unlike most child psychologists at the time, sought to find out what children� could do and what they actually did rather than merely setting out to discover what they could not do in comparison with adults (Wood, 1998: p. 29).





In further justifying my dialogue with understandings gleaned from Vygotsky’s and Piaget’s work, it is worth stating that in focusing on Hugh I was clearly focusing on understanding how Hugh’s mind worked in mathematics within my central question, 





‘In helping [Hugh] to improve [his] learning in mathematics, how do I gain a fuller understanding of how [Hugh] come[s] to understand a particular content area in mathematics?’ [page 166]. 





The particular content area was maximum and minimum calculus problems in higher level leaving certificate mathematics.





The following excerpt from a conversation (January 23rd, 1997) with Ann Carroll [AC], a critical friend from the same local girls’ convent secondary school as Breid, further confirms that we were focusing overtly on understanding Hugh’s mind during the 1997 enquiry� (Singularity Study Four: page 41):








JF      I wonder should we interview Hugh on his own.





AC      It might be a good idea. I think he clammed up today ---- because I’d love to feel and get -- the idea what’s going through his mind. We’re talking about his mind all the time and how he pictures. He’ll never be able to generate the function unless he’s able to picture it and we want to see what’s in his mind and if we can figure out what difficulties he has picturing it - the game is won - You see I imagine by this time next week that Paul and Felim are still going to have no problems.





Admittedly, Piaget was a child psychologist; however, regarding formal operations of the mind, ‘there is now general consensus that even by the age of 16 (Hugh was 17) only a minority of adolescents have attained the most advanced levels’ (Fontana, 1995: p. 61). This reported ‘general consensus’� along with the fact that Piaget focused on descriptions of patterns of cognitive development with little explicit reference to the social context of that development� (Crawford, 1995: p. 240) while, in contrast, Vygotsky saw person-to-person social interaction as having a key role to play in the social construction of mind (Wood, 1998: p. 41) import, in my view, both the necessity and justice of Hugh’s story entering into dialogue with some of the understandings from the constructivism of Piaget and the social constructivism of Vygotsky as a means to enhancing my descriptions and explanations of Hugh’s conceptual vision in my fourth study of a singularity, thereby helping me in my present task of theory construction. At this stage, I think it is important to reiterate that my conversation with Breid encouraged me to come to a fuller understanding of Hugh’s ‘frame of reference’ in mathematics [pp. 229-230].





Consistent with the Republic of Ireland DES’s adaptation of Bloom’s taxonomy to suit mathematics education as expressed in their statement of ‘student outcome’ categories which are intended, among other things, to facilitate the design of suitably structured examination questions (Mathematics Syllabus, 1994�: p. 3), I had a particular interest in Hugh’s relational understanding (knowing ‘why’) and in his ability to link concepts in building conceptual structures that would help him to both understand and solve maximum and minimum differential calculus problems in higher level leaving certificate mathematics.





Problem Identification





After meeting Breid and before going on to study maximum and minimum problems with the sixth form mathematics students, I focused in on Hugh’s understandings in other questions in mathematics while also attempting to identify a pattern to his errors with a view to understanding how Hugh’s conceptual vision was blocked. In this way, I would hopefully be better able to help Hugh to ‘unblock’ his conceptual vision for particular mathematics problems.
































The following excerpt from Singularity Study Four (pp. 83-85) explains how three questions attempted by Hugh helped me in the task of understanding how Hugh’s conceptual vision was blocked:


---------------------------------------------------------------------------------------------------------


Question One





Journal, November 27th, 1996: An example of Hugh’s conceptual vision being blocked (the day after I met Breid)





Sixth Form Students ----- all of the students got the first question for hwk correct except FB who miscalculated 5C4 and all except Hugh got the second question right --- Hugh got 480 but failed to take two other possibilities into account --- the answer should have been 580. I related the omission to Hugh and he understood my explanation. Here is the homework question followed by the solution: 





An organisation has 20 members, four of whom are doctors. In how many ways can a committee of three members be selected so as to include at least one doctor on each  committee?





There will be one doctor AND two others OR two doctors AND one other OR three doctors on the committee. [In combination problems AND implies ‘multiply’ and OR implies ‘add’.]





(  4C1.16C2  +  4C2.16C1 +  4C3    


=     4  . 120 +   6 . 16   +  4


=      480      +    96      +  4


=    580





I think it is readily understood that Hugh omitted ‘OR two doctors AND one other OR three doctors’ in solving this problem and consequently calculated the solution for the case where there is only one doctor on the committee (480 possibilities) rather than at least one doctor (580 possibilities). Effectively, Hugh omitted ‘at least’ in his treatment of the question.





Question Two





On December 3rd, 1996 (one week after my meeting with Breid Carberry) I wrote the following in my Journal:





Hugh had problems with Q.20 and had as answer 3/45 --- I was reminded of what Breid had said and I tried a little harder to understand Hugh’s thinking and discovered the reasoning behind Hugh’s answer --- 1/3 x 3/15 = 3/45 ---- Hugh wrote 15 instead of 5 and then failed to add 2/3 x 1/2 --- his misunderstanding was that he thought the day had to be fine for them to win! [Again, I discussed this with Hugh and he understood his omission.]





I’d like to look at this question and solution:





If the probability of a fine day tomorrow is 1/3 and if it is fine, the chance of our football team winning is 3/5, but otherwise it is only 1/2. What is the probability of our football team winning tomorrow?





Prob.(win)  =  Prob. (fine AND win)   +      Prob. (not fine AND win)


                   =            1/3.3/5               +                  2/3.1/2


                   =              3/15                 +                     1/3


                   =              3/15                 +                    5/15


                   =              8/15





Hugh calculated ‘Prob. (fine AND win)’ only and wrote 1/3.3/15 (writing 15 instead of 5) therefore getting 3/45 as an answer. I believe Hugh thought it had to be fine for the team to win. A key part in solving this question is in understanding that if the probalility of the day being fine is 1/3 then the probability of the day not being fine is 2/3.





When reading the above section in my Journal later I wrote:





In recognising the pattern the conceptual vision can be ‘unblocked’.





Regarding Breid’s influence, the point I am again making is that I was encouraged to take a little more time in understanding the ‘pattern’ behind Hugh’s errors. Further, it is worth drawing attention to the fact that Hugh on occasion failed to see the ‘wider picture’





Question Three





Getting Closer to Some of Hugh’s ‘Problems’ in Learning Mathematics





The following excerpt from an email to Jack Whitehead on December 11th, 1996, points to an observation regarding Hugh’s learning in mathematics:





I can see very strong indications of Hugh lacking in relational understanding in a recent question involving permutation and combination notation. I mentioned (the error) to him and he could understand what I was saying. --- James.





The ‘recent question involving permutation and combination notation’ was given in a class test on December 4th, 1996 (the day after the above question):











Prove that  nP���r  = ( r!) nCr.





We had done this question recently in class. Here is Hugh’s attempt:





 nCr  =  (n!)/(r!)(n-r)!  -------- (A)





nP���r  =  (n!)/(n-r)!  ------------ (B)





And Hugh didn’t progress any further. He failed to connect A and B and see/remember/recall that if he multiplied both sides of (A) by (r!) he would have obtained:





(r!) nCr  =  (n!)/(n-r)! which is  =  nP���r





Regarding Hugh’s attempt at this question (and I do recognise that he remembered two formulae) and taking into account his ‘blocked vision’ in the questions about selecting a committee of 3 from a group of 20  and about the probability of a team winning whether the day was fine or not, I was beginning to get a sense of Hugh’s difficulty in understanding mathematics: I believed it had something to do with connecting two concepts (one/more than one, fine/ not fine, A/B) at a particular stage in reading and attempting a question and thereby failing to build an appropriate conceptual structure that could help him to understand and solve a problem. [Singularity Study Four: pp. 83-85]


--------------------------------------------------------------------------------------------------------


I believe Hugh’s attempts in the above three questions helped me to discern an initial ‘problem identification’ focus. In further refining the focus I analysed the first few steps of the correct solution and then Hugh’s solution to a further calculus maximum test question given on January 23rd, 1997. Here, Hugh was attempting a maximum question and was failing to connect an A and B in order to build up a function of one variable:





Test Question: A cylinder has radius r metres and height h metres. The sum of the radius and the height is 2 m. Find an expression for the volume of the cylinder in terms of r only. Hence find the maximum volume of the cylinder in terms of (.





V = (r2h       ------------------------ (A)





r + h = 2 ( h = 2 - r   ------------- (B)





( V = (r2 (2 - r) ( V = 2(r2 - (r3  [ connecting (A) and (B) ]  





Hugh’s Solution to the Test Question





f (x) = (r2h ------------------- (A)        (error: not a function of x)    Step 1





 f  1 (x) = 2r = 0     (error)                                                              Steps 2 and 3                 


                 r = 1/2 (error)


f  11 (x) = 2    (error: should be < 0 for maximum)                          Step 4





 when r = 1/2, h = 1.5 


because r + h = 2 ------------- (B)





Volume = ( (.25) (1.5) = ( (.365)





The permutation/combination question and the maximum question about the cylinder both came up in conversation on January 23rd, 1997 with Ann Carroll who had a prior audiotaped conversation with Hugh, Paul, and Felim on the same day (Singularity Study Four: pp. 86-87):





AC      Paul --- well thought out. He loves it. He doesn’t need your help at all. --- Felim - very considered answers - knows his stuff as well. ---  Apart from the truck what came from Hugh? I wasn’t getting a feeling of what he knew. It would be at the back of my mind, ‘I wonder do you understand it?’ What do you think from the tape now and from what I’m saying?





JF      Well I thought that when he said ‘no problem’ he was - giving an impression - that he was better able to manage it than he actually was and then - you --- came back to him.


You actually did give him a very gentle probe and then you could see him saying that he did have difficulty on two levels. He had difficulty - linking the square and the circle and he had difficulty realising that it was a perimeter changing into an area. (difficulty picturing it)





AC      Yeah. Yeah.





JF      That’s the area where he had difficulty; if you remember there was one test [December 4th: pp. 235-236] of his that I corrected before where he had an A and a B but he never connected the two -- the area where Hugh seems to have difficulty is connecting and it’s this - relational understanding ---- you have the blocks but the cement to put them together ----





AC      The bit is missing and you’ll never get them together unless you have the cement.





JF      And I think -- when he has more time he’s able to get the cement [both a ‘tacit knowledge’ and a ‘discursively conscious’ understanding and judgement on my part]





AC      Yeah. Yeah.





JF      because of the different rate of learning ---- What is emerging I think is that Hugh has difficulty linking things together but given time he’s capable of understanding it.





AC      But with the length of course and the time available Hugh - the Hughs of this world aren’t given enough time to make the links and to get the practice and the confidence in the understanding and that’s the difference. They are well able and in fact some of them succeed very well at university where they are able to make that bit more time available for themselves.





Towards the end of the conversation we discussed the three students’ attempts at the cylinder test question given in class earlier in the day.





AC      I think the two lads (Paul and Felim) understand. You’d nearly say he (Hugh) is not for the honours paper at all --- that’s not honours standard --- Felim knows it and Paul knows it; I wouldn’t mind the mistake he (Paul) made. And it’s all about connections. He (Hugh) just did not make the connections





JF      I wonder can you make a breakthrough in a person’s ability to connect?





AC      to get an expression in terms of r --- it gave the step to get the function [Hugh failed to connect an A and a B in order to build up a function of one variable]. I’d worry about him - certainly that’s not somebody who has ‘no problem’ with that!





JF      He had the four steps.





AC      He had the four steps but he had no idea what to put in the steps, sadly, sadly, and the other two boys were grand.





After refining the focus and the area of difficulty in maxima/minima problems for Hugh, the following statement, I believe, helps clarify the position:














It is worth stressing that building up the function, in terms of one variable, in maximum and minimum problems is a crucial first step in understanding and solving such problems. This turned out to be our (and I include Ann here because I had a real sense of being accompanied by Ann in this enquiry) central focus in getting closer to Hugh’s understanding in maximum/minimum differential calculus problems in higher level leaving certificate mathematics.





The following excerpt from a lunch-time conversation between Hugh and me on January 24th, 1997, the day after he handed in his response to the cylinder test question and the day after my above conversation with Ann, illustrates, I believe, an educational response to Hugh on my part (Singularity Study Two: pp. 45-47):





Getting into the Way of Thinking and Trying to Connect Concepts





HK      Before I was eh I was thinking you know ‘It’s very hard to understand’. Now I’m just trying to get into the way of thinking.





JF      Yeah.





HK      It’s a different kind of way of thinking to most other subjects --- and I’m trying to get into the way of thinking - that there.





JF      And if I could give you a pointer. There’s one thing I notice. You came back in the last day and you were doing the thing about the cylinder and - maybe because it was a new type of question - Let’s say there was r + h = 2. Do you remember that question?





HK      Yeah.





JF      And -- what we wanted in that case rather than a function of x [page 237] -- you don’t mind me talking about this?





HK      No.





JF      Here now okay (after getting the copy of the question) - You have the four point approach. You’ve a function (step 1). You get the derivative (step 2). You test the second derivative (step 4). You get the first derivative and set it equal to zero (step 3) - but I think really your problem in this question was - in building up the function (step 1) -- and it’s not a function of x either, it’s going to be a function of r or else a function of h (the question asked for a function of r). Is that okay?


HK      That’s where I found that’s where I spent most of my time trying to get the - building up the (function).





JF      Yeah. ---- What I found was - I was listening to the conversation you had with Ann yesterday. I think that one area that you might look out for is that if you have some thing here and some thing over there to try and be able to connect the two together a bit more.





HK      That’s what I’m trying to do now.





JF      Let’s say, even the square and the circle or else where the sheet was flat - the way when it comes out - what does it look like - but that’s a different thing, that’s maybe visualising the thing. That’s maybe slightly different but the thing is to be able to connect. I see a similarity between this [the previous day’s test question (page 237)] and being able to connect things. What you have here. You have an r and you have a h --- so you need to be able to say r = 2 - h or rather,  you want to build up a function of r ,  h = 2 - r. Is that okay?





HK      Yeah.





JF      And then your volume - the volume was (r2h which is (r2 (multiplied by ) and then you put in your value for h which is





HK      2 - r . Aye [breathing in at same time]. [a sign of a moment of insight I believe. I wrote out what Hugh said after he said it - V = (r2(2-r) - which is a function of one variable. This fleeting moment of insight and the context of the social interaction within which it occurred help persuade me to further value Vygotsky’s notion of  ‘the zone of proximal development’ - the ‘gap’ that exists for an individual (child or adult) between what s/he is able to do alone and what s/he can achieve with help from one more knowledgeable or skilled (Wood, 1998: p. 26). Again, similar to a theme that has occurred in my other singularity studies, I believe it is important not to overvalue the role of social interaction in learning and development to the detriment of independent learning and development, lest the former through cultural habit or inertia (in the sense of continuing to move in the same direction) nurture ‘learned helplessness’ (Egan, 1994: p. 80) in a particular student or group of students.]





JF      Do you understand that there now?





HK      Yeah. I see that there now.





JF      Yeah. Yeah. So I think that’s an area for you just to think about you know. In that case what you need to be able to do - you need to be able to connect that formula ((r2h) with what you’re given ( r + h = 2).





HK      Yeah.





JF      And again it’s to try and work in the area of connecting things. Does that make sense?





HK      Aye, that’s - that’s what I’m trying to get





JF      Yeah.





HK      my way into thinking - linking the two things together. I knew that’s where my problem was before [ I had also mentioned something like this to Hugh before when correcting his permutation and combination question on December 4th (pp. 235-236)].





While acknowledging in the above that placing too much emphasis on ‘social interactions’ within teaching and learning could lead to a form of learned helplessness for the student, one great attraction of Vygotsky’s theory�, in my view, is that it offers a way of conceptualizing individual differences in ‘educability’; and in this regard it gains ground on Piaget’s theory which has little or nothing to say about the issue� (Wood, 1998: p. 27).





Before returning to Hugh’s particular situation, it seems to me that there are three significant issues worth addressing which relate directly to Vygotsky’s notion of ‘the zone of proximal development’ as a means to understanding individual differences in ‘educability’ among students. The following is Vygotsky’s own definition of the zone of proximal development:





It is the distance between the actual developmental level as determined by independent problem solving and the level of potential development as determined through problem solving under adult guidance or in collaboration with more capable peers (Vygotsky, 1978: p. 86).

















1.   Three Significant Issues Relating to Individual Differences in Educability





As a first significant issue, I believe it is important to stress that actual and potential levels of development correspond with intramental and intermental functioning respectively (Wertsch and Tulviste, 1996: p. 57). I am taking what a student can do independently to reflect intramental functioning and what a student can do with the help of one more knowledgeable to reflect the student’s intermental functioning. The latter, to my mind, occurs within Joint Involvement Episodes� within a student’s student/teacher and student/student dialogic-coming-to-know in learning/teaching contexts.





Secondly, the fact that the zone of proximal development can address individual differences in ‘educability’�, indicates to me that, potentially, the zone of proximal development can enhance a working notion of distributive justice where one wishes to exercise a preferential option for the most ‘disadvantaged’ student. Precisely the way in which it can do this is in providing a criterion for making a professional judgement regarding who is the most ‘disadvantaged’ student or group of students in a particular learning context. It is my belief that many experienced teachers have concrete, accurate, and intuitive notions of both their students’ actual levels of development and their zones of proximal development within the learning/teaching enterprise for their particular specialist subjects�. The student with both the lowest level of actual development and the lowest zone of proximal development in a particular content area of a subject is, to 


my mind, the most ‘disadvantaged’ student� in a particular group of students for that particular subject, and this student qualifies as the most needy candidate when enacting more socially just actions (particular social interactions) in the classroom. I believe such a working notion was tacitly and overtly operative within my first, third, and fourth singularity studies, where I purposively enacted preferential social interactions for the most ‘disadvantaged’ students; however, it is only now (Monday, May 11th, 1998) that I have articulated it in the above manner. 





The third significant issue relating directly to Vygotsky’s notion of ‘the zone of proximal development’ as a means to understanding individual differences in ‘educability’ among students concerns the interaction between learning and development (Vygotsky, 1978: pp. 79-91). A central question in relation to my educative relationships with my students in my 1997 enquiry, which first arose in a March 10th 1995 fax from Jack Whitehead, ‘How can I help you to improve your learning and contribute to your educational development?’, is likewise concerned with students’ learning and development. Vygotsky maintained that learning and development ‘are interrelated from the child’s very first day of life’ while Piaget considered learning to be ‘a purely external process that is not actively involved in development’ (Vygotsky, 1978: p. 79 and p. 84). For Piaget, children have to pass through definite stages of development before they are ready to learn at a particular level; that is, learning ‘merely utilizes the achievements of development rather than providing an impetus for modifying its course’ (Vygotsky, 1978: p. 79). 





However, there is general agreement that learning processes must be integrated within contemporary developmental theories that have arisen to replace Piaget’s theory and while these theories are more explicit than Piaget’s theory about the nature and role of learning in intellectual growth, it is also agreed that learning alone cannot explain the nature of young people’s understanding as they grow to adulthood (Wood, 1998: p. 69). The significant point, for the purposes of my thesis, is not to enter into the nature of the differences between learning and development nor to discuss the precise nature of the interaction between learning and development, but rather, in contrast to Piaget, to claim that learning has a role to play in a student’s development of appropriate conceptual structures that will help her/him to both understand and solve maximum/minimum problems in higher level Leaving Certificate mathematics�. 





Returning to Hugh’s particular situation and connecting to the above three issues, I contend that:





1. Hugh was the most ‘disadvantaged’ student in the group of sixth form mathematics students as defined above [page 242-243]. 





Firstly, among the 1996/1997 sixth form mathematics students, Hugh had obtained the lowest grade (grade D) in the Junior Certificate test in higher level mathematics in June 1995 and had consistently scored low marks in mathematics tests between December 1995 and October 1996 [indicative of actual development]. Secondly, Hugh seemed to have a slow rate of learning for higher level mathematics, as confirmed by the following excerpt from my January 30th 1997 conversation with a critical friend, Ann Carroll (Singularity Study Four: pp. 53-54), who earlier in the day had talked with Hugh about his learning in mathematics [indicative of potential development and therefore zone of proximal development] after Hugh’s experiences in my classroom sessions of the previous three days:


AC      ---- there might have been a fault with this morning - because I ended up because of pure instinct actually ended up not blatantly teaching him but slightly teaching because I felt if you were waiting for him - he was very very slow about it - I would say in a situation where I had an hour and knew there was all day long to work at it I could have waited - 





JF      What’s in harmony with what you are saying - here [referring to the audiotaped conversation between Ann and Hugh earlier in the day] you said ‘What would you take from it that would help you the next time?’ - he said -- ‘linking the two of them together’ - maybe that’s something I said to him before - but - connecting to what you’re saying there - ‘I wouldn’t say it’s impossible but it takes me a long time to cop on to them’





AC      Isn’t that brilliant. That’s it, isn’t it?





JF      It is, yeah.





AC      Yeah. Yeah.





JF      And it’s this ‘long time’ - it’s - aptitude - the rate at which they learn.





AC      Aptitude. Yeah, it is.





JF      And I - I don’t know - I don’t want to prejudge but eh --- he might be better off doing ordinary level maths eventually but I don’t want to pre-empt that decision.





AC      From looking at his stuff on paper and from listening to him today I’d be very worried about him because of his basic maths.





Here, to my mind, Ann is making a professional judgement based on an assessment of Hugh’s actual development (‘stuff on paper’ from homework the evening before and ‘listening to him’ when Hugh was offering his own solutions to problems) and Hugh’s potential development (‘listening to him’ when Ann was trying to help Hugh with particular problems during their meeting). Also, when Ann says that she would be ‘very worried about him because of his basic maths’, Ann is thinking prospectively about Hugh’s chances of passing the June 1997 papers in higher level mathematics. Relating resonantly to Ann’s sense of Hugh’s potential is Vygotsky’s statement that the zone of proximal development characterizes mental development prospectively (Vygotsky, 1978: pp. 86-87).





At this juncture, I believe it is worth noting that the first claim in my fourth singularity study concerning Hugh was:





I believe there is ample evidence (Singularity Study Four: pp. 78-83) to support my claim that both Hugh’s knowledge of basics and the rate at which Hugh learned were ‘stumbling blocks’ for Hugh in learning higher level mathematics in general and higher level maxima/minima problems in particular.





Returning to the issues mentioned on pp. 242-243:





2. Hugh and I engaged in ‘intermental functioning’ within teaching/learning social interactions [Joint Involvement Episodes] in an effort to help Hugh to develop more appropriate conceptual structures for building up a function of one variable in maximum/minimum problems in differential calculus problems. [page 242]





Ann and I agreed that the key task for Hugh in understanding and solving maximum/minimum problems was the following (Singularity Study Four: page 90), for which I will provide two examples of intermental functioning:





If the function is expressed in terms of more than one variable, find an equation linking the variables, and hence express the function in terms of one variable.





The first example is the final part of an excerpt from a lunch-time conversation between Hugh and me [pp. 239-241] on January 24th, 1997, when I was helping Hugh to build up a function of one variable in a question in which he had failed to do so the previous day:





JF     ----- What you have here. You have an r and you have a h --- so you need to be able to say --- h = 2 - r. Is that okay?





HK      Yeah.


JF      And then your volume - the volume was (r2h which is (r2 (multiplied by ) and then you put in your value for h which is





HK      2 - r . Aye [breathing in at same time]. [a sign of a moment of insight I contend]





The second example is from a videoed classroom exchange on January 29th, 1997, when I was at the blackboard doing the following question with the sixth form mathematics students (Singularity Study Four: pp. 90-92):





C11 If the volume of a cylinder is constant, prove that the total area of its surface is a minimum when the height is equal to the diameter of the base.





I did question C11 myself and brought in Hugh to create the connection between two formulae (the skill that Hugh needed to practise). The following is the exchange between Hugh and me (minute 46 on the video - Data Archive):





JF                        h = C/(r2                ---------- (A)





   Surface Area, SA =  2(r2 + 2(rh    ----------- (B)  





            which is      = 2(r2 + 2(r.





   Multiplied by what, Hugh Kerr?





HK      C/(r2                                       ------------ connecting (A) and (B)





JF       C/(r2 [ and I write 2(r2 + 2(r.C/(r2 ]





Here, Hugh was brought in on a connection and was successful. I had already done something similar in question B6 and I believe this also helped Hugh.





In the above example I actively involved Hugh in the classroom in building up a function of one variable in order to solve a particular minimum but more complex cylinder question than that done by Hugh on January 23rd and discussed with me on January 24th [pp. 239-241]. I believe the above January 29th classroom exchange constitutes some further evidence of my efforts to respond successfully to Jack Whitehead’s correspondence on January 27th: 





I’m wondering if you will be able to show, partly through Hugh’s voice how you make an educational response to Hugh. This doesn’t mean that Hugh has to hear what you say in the way you intend but that your readers understand the educational intentions in your responses. (Jack Whitehead, Email, January 27th, 1997)





Regarding the above classroom exchange with Hugh, I’d say that my educational intentions are clear to the reader; however, my intentions during the exchange may not have been clear to Hugh. What mattered more to me was that Hugh would experience success in independently making a connection at a critical stage in a reasonably complex question in a specific area that had been problematic for him (Singularity Study Four: pp. 91-92).





Connecting to the third issue raised on page 243:





3. Hugh learned with the help of ‘intermental functioning’ to move a little in the direction of developing more appropriate conceptual structures in understanding and solving maximum/minimum problems in higher level mathematics, in terms of building up a function of one variable, but was still struggling.





Before mentioning a conversation between Ann Carroll and me on January 30th, 1997, I’d like to revisit Hugh’s attempt at a homework question given on January 29th (Singularity Study Four: page 57):
































Some of Hugh’s Attempt for the January 29th Homework Question





1996 Leaving Certificate Question: The slant length of a right circular cone is 10 cm. Find the maximum volume of the cone in terms of (.





Volume of Cone =  (1/3)(r2h = (r2h/3           ----------- (A)


Curved surface area = (rl


                                 = (r(10)


                                 = 10(r


                       1/10( = r2 ( r2 = (10() -2       ------------ (B)   [major errors in this line]


                 


                 (  (r2h/3 =  ((10() -2h/3             ----------- connecting (A) and (B)   





Hugh then continued with a number of other errors. It can be seen from Hugh’s attempt above that, despite some dreadful errors in deducing (B) which is totally incorrect, he successfully substituted a (B) into an (A). Acting on Breid’s encouragement to identify the pattern I can see that Hugh made progress in forming a link in a question on his own 


[Journal, January 30th, 1996]





A Conversation Between Ann Carroll And Me, January 30th, 1997





The simpler cylinder question done by Hugh as a test question in the classroom (January 23rd) and discussed with him the following day (January 24th: pp. 239-241), the more complex cylinder classroom exchange question (January 29th) described above [page 247] and the homework question about the cone given on January 29th (above) were all mentioned in conversation  with Ann Carroll on January 30th, 1997. I believe it is worthwhile stressing that the three questions had three different contexts - test in the classroom, classroom exchange and homework and that Ann discussed them with Hugh on January 30th, 1997. The following is an excerpt from my own conversation with Ann (Singularity Study Four: pp. 93-95):





JF      ---- he’s doing a question [C11: page 247] here (with Ann) that we actually did yesterday in class, a more difficult question than this other cylinder question [page 237 and pp. 239-241], and was able to build up the function.





AC      He was.





JF      With a little bit of help from yourself.


AC      With a little bit of help, yes.





JF      especially in forming that bit there (2(r2 + 2(rh)





AC      Yeah.





JF      Now, here - his homework last night (the cone question, page 249) - there was some progress in connecting the A and B -- trying to form a link and substitute -  but difficulty with the B and then returning to the cylinder [page 237 and pp. 239-241] he was able to manage that - the easier one.





AC      He was, yeah.





JF      Now, to me, these are all pointers towards progress





AC      They are, definitely.





JF      even though he’s still having difficulties in mathematics.





AC      I think his difficulty will be if he is presented with something slightly different --





Difficulties with Basic Mathematics





The conversation continued:





JF      I think there has been some improvement but not a lot really.





AC      And it has all to do with his ability basically.





JF      And it has all to do with his ability. [I had stated earlier (Singularity Study Four: page 55): ‘I believe it is more accurate to refer to Hugh’s ‘aptitude’ rather than his ‘ability’ here, because given time and a greater knowledge of basics Hugh would be ‘able’ to do more difficult questions.’ This stance is consistent with a belief in the unlimited potential of every human being (Barber, 1995: p. 75) and the notion that every person’s capability is vast (Humphreys, 1993: p. 113)]





AC      He would have needed an awful lot of grinding when he was in first and second year to make sure the basics were ‘hammered’ [Ann is gentle!] into him.





JF      Yeah.





AC      I’d say he took it easy a fair bit  -- he should know all these areas. Did you have him down there? (laughing)





JF      I don’t think I did (laughing). --- We’re asking him to comprehend things, to connect things, and where he’s actually lacking a lot on basics.





AC      Yeah. And you see, if you haven’t got the basics 





JF      And that’s what’s causing him problems





AC      That’s what’s causing him problems.





JF      He understands in his mind that he needs to connect.





AC      Yeah - but you see the connectors don’t come to him because they’re not there ---





JF      No - what he has - he has a little bit of the cement but - I don’t like this analogy you know really





AC      but the cement is true - the cement would be those basics you see ----- there are certain people and no matter how hard you try they haven’t got the ability to make the jumps or the connections.





JF      Yeah.





AC      He has if he had a better knowledge of his basics actually.





JF      ---- With regard to looking at the growth in his learning and development - if I am to look at that - and any kind of influence that I’ve had on it -- the only thing that I can argue is that I have had some influence -





AC      Yeah.





JF      that I hope I have had some influence on him -----------





AC      It was strange in the end. It wasn’t worth discussing things with Paul and Felim at all -- they were on top of that. For Hugh it is beyond him --- What he’d need to do, being practical and forgetting about all your (laughing) stuff is - he’d need to change to pass and then repeat next year and do honours again to make sure he gets his maths --- but even then - are his basics good enough?





JF      I don’t know - I think what we’ll do is see how he gets on in the Trial Leaving Certificate (in February 1997) and then I’m going to have a chat with him of a guidance nature to try and make a decision about it.





Ann’s final statement regarding Hugh was:


He’s starting to think about making connections. He’s trying to get into genuine mathematical thought but he is finding it very difficult. He is struggling.





My second claim regarding Hugh in the fourth singularity study (Singularity Study Four: pp. 83-95) was:





I believe that, despite Hugh’s slower rate of learning and difficulties with basics, there was a growth in Hugh’s understanding of mathematics during the course of the study.





Ann’s reflections that Hugh was ‘starting to think about making connections’ and that he was ‘trying to get into genuine mathematical thought’ aptly describe, for me, the progress in Hugh’s understanding in the crucial first step of building up a function of one variable when understanding and solving maxima/mimima problems in mathematics.





Summarizing, I have attempted to show in the above [pp. 242-252] that: 





1. Vygotsky’s notion of actual and potential development within the zone of proximal development� could be used as a criterion in ascertaining who the most ‘disadvantaged’ student is in a particular group of students, thereby enhancing my own working notion of distributive justice and of acting more justly in the classroom. [Issues 1 and 2 (pp. 242-243)]





2. Hugh and I engaged in ‘intermental functioning’ within the realm of Hugh’s zone of proximal development for understanding and solving maximum/minimum questions in higher level Leaving Certificate mathematics. [Issue 1 (page 242)]





3. Despite the fact that Hugh was still struggling, intermental functioning within learning/teaching social interactions between Hugh and me and between Ann and Hugh helped Hugh to develop a more appropriate conceptual structure for building up a function of one variable in maximum/minimum differential calculus problems in higher level Leaving Certificate mathematics. [Issue 3 (page 243)]





After my experience with Hugh in the fourth singularity study (for which the duration of data gathering was October 8th, 1996 - May 19th, 1997) I am more inclined to disagree with 





‘the Piagetian view that there are psychological structures in the human mind that are essentially independent of context, task content and social factors’ (Fontana, 1995: p. 64).





Especially when engaged in social interactions that are operative within a student’s zone of proximal development, I am more inclined to side with Vygotsky who held that 





‘competent adults can help the child [adolescent] by guiding her or him repeatedly [with some possible repetition] through the relevant behaviour [activities], thus providing a ‘scaffolding’ within which the child [adolescent] can act as if competent and by so acting can develop the strategies needed to reach the successful solution’� (Fontana, 1995: p. 64).





Therefore, intermental functioning between a student and a teacher can be appropriated over time within a student’s intramental functioning. My fourth singularity study shows only some movement for Hugh in this positive direction for applications of differential calculus maximum/minimum problems in higher level Leaving Certificate mathematics.


Admittedly, one problematic assumption underlying Vygotsky’s work, according to some readings, is the assumption that the primary force of development comes from outside the individual; for example, in relation to the role of the environment in child development, Vygotsky wrote that ‘the environment - plays the role not of the situation of (child) development, but of its source’�. However, whilst the growing popularity of Vygotsky’s work acts as a corrective to earlier individualistic emphases in psychology, Wertsch and Tulviste (1996) maintain that the basic form of action envisioned by Vygotsky was mediated action, where:





‘such action always involves an inherent tension between the mediational means [e.g. semantic mediation�] and the individual or individuals using them in unique, concrete instances --- [and significantly] agency is defined as “individual(s)-operating-with-mediational-means” ’ (Wertsch and Tulviste, 1996: pp. 68-69). 





Therefore, countering a deterministic view of individuals, the individual is not without agency�. Nevertheless, Wertsch and Tulviste (1996: p. 69) also acknowledge that it is only recently that the notion of mediated action has been explored in detail in connection with Vygotsky’s work, implying that more work is needed in this area.





Previously, I have made an effort to link my work and the emphases on social interaction within Vygotsky’s and Dewey’s work [page 106]. In this regard, it seems to me that when the sixth form students were responding to the question, ‘How can I help you to improve your learning?’, they had both a concrete and an intuitive idea of their actual and potential development in chemistry and mathematics, and it is in this sense that the greater enactment of collaboratively elicited and created teaching/learning communicative activities (social interactions) connects to the sixth form students’ zones of proximal development for the specific subject areas (mathematics and chemistry)�. 





When working with Hugh in the fourth study of a singularity, I focused on one individual and, although we (Hugh and I) engaged in teaching/learning social interactions within the realm of Hugh’s zone of proximal development, teaching/learning communicative activities for the whole group of sixth form mathematics students in 1996/1997 were not systematically enacted and evaluated.






























































2.   Hugh’s Metaphors for Learning Mathematics





Returning to my focus on Hugh’s conceptual vision, my interest extended beyond Hugh’s ability to build conceptual structures for maximum/minimum problems in higher level mathematics. On November 26th, 1996, Breid, a critical friend from the local convent secondary school, encouraged me to obtain attitudinal information from the sixth form students before getting into the study proper and, from what Breid said (Singularity Study Four: page 76), I was reminded of Selinger’s interest in asking pupils to consider metaphors for learning mathematics in which:





finding out how pupils view mathematical learning can often open the door to their fears and concerns as well as revealing what it is about mathematics that motivates them. (Selinger, 1994: p. 191) 





The following was Hugh’s response (December 17th, 1996) to the questionnaire seeking information regarding his ‘image’ of learning mathematics:





Learning mathematics, for me, is like a walk through a maze. A maze is something which is difficult to fathom your way around it at the beginning but in the end you nearly always find your way out, if not by yourself then maybe with the help of others. (Hugh, December 17th, 1996)





Regarding Hugh’s image of the maze, on December 21st, 1996, Ann Carroll noted ‘no signposts, more lost (than Felim and Paul) --- asking for help, willing to accept it’ (Singularity Four: page 21).





On January 13th, 1997, four weeks after Hugh brought in his response, I had an audiotaped conversation with Hugh in an attempt to gain a greater understanding of some of Hugh’s attitude to learning mathematics and also to see if what he said would be in harmony with what he wrote four weeks earlier (Singularity Study Four: pp. 22-23).











JF      ---- and when I gave you the questionnaire you said ‘Learning mathematics for 


me is like a walk through a maze’. So, what I want to ask you is --- in what way is learning mathematics like a walk through a maze?





HK      Well to be honest it’s -- you find it difficult at first but once you learn the basics and put down markers at certain points then you can usually find your way out of it.





JF      Has that been your experience that you usually do find your way out of it?





HK     Yeah. Eventually. Yeah I do find my way out of it. It takes a wee bit longer than normal therefore like --- the maze ---It takes long to get out of it but





JF      Yeah.





HK      once you know your way out. [pause]





JF      Well when you say it takes a little bit longer than normal what do you mean by   ‘normal’?





HK      Like for eh say the average honours maths student.





JF      Right. 





HK      They find it easier to pick things up -- that there.





JF      So in some sense you are comparing yourself with others.





HK      Yeah.





JF      Yeah. But do you feel you can get there in the end?





HK      Yeah. I’m pretty confident I can get there in the end. (quietly)





The very quiet way Hugh said ‘Yeah. I’m pretty confident I can get there in the end’ led me to suspect that he didn’t really feel that confident about ‘getting there in the end’.





Perhaps my closed question, ‘But do you feel you can get there in the end?’ with a possible negative inference for Hugh if  answered in the negative, forced him into stating a more positive stance than he actually felt. I really don’t  know. I do know my intention when asking Hugh the question was to encourage him to believe in himself and not to feel any less as a person than ‘the average honours maths student’ because ‘it takes a wee bit longer than normal’.





Although Hugh mentioned ‘markers’ (and perhaps was more conscious of the need for ‘markers’ than a month earlier) in the above conversation on January 13th, 1997, it seems to me that Hugh’s ‘image’ of the maze gives a strong sense of Hugh’s conceptual vision being blocked in mathematics. Admittedly, there is a sense in which recognising the need for ‘markers’ could also be interpreted as recognising the need for building more appropriate conceptual structures in understanding and solving mathematics problems, thereby implying a development in Hugh’s thinking and attitude.





Towards the end of the year I was curious to see if Hugh would have a different ‘image’ of learning mathematics seeing that he had changed to ordinary level mathematics from higher level mathematics and that there was some progress in his ability to connect formulae [Hugh was still in the classroom] (Singularity Study Four: pp. 97-99):





Hugh’s ‘image’ of learning mathematics on May 7th, 1997, was:





Learning mathematics, for me, is like walking through a hazy mist in the moors in the early morning. As the mist rises and as the day goes on you have more of a clear view of what is coming up in front of you. Eventually it is nearly all clear but you still have to watch your step because you never know what you are going to stumble upon next. (Hugh, May 7th, 1997)





Whilst recognising that Hugh changed from higher level to ordinary level mathematics, I believe Hugh’s new ‘image’ for learning mathematics communicates a more hopeful belief in his own ability to understand and solve problems and embodies a sense of his conceptual vision becoming ‘unblocked’ in mathematics as the following successful solution to a homework question on May 19th, 1997, illustrates:











A Solution To A Homework Problem, May 19th, 1997





A solid cylinder, made of lead, has a radius of length 15 cm and height of 135 cm. Find its volume in terms of (.





length = 15 cm


height = 135 cm





let volume of cylinder = C = (r2h


        ( C = ((15)2(135)


        ( C = 30375( cm3                                    answer/calculator





The solid cylinder is melted down and recast to make four identical right circular cones. The height of each cone is equal to twice the length of its base radius. Calculate the base radius length of the cones.





h = 2r                                                   ---------- (A)





Volume of 1 cone = 7593.75( cm3                       calculator





let volume of cone  =  VC = (1/3)(r2h    ---------- (B)





( 7593.75( = (1/3)(r2(2r)                    ---------- connecting (A) and (B)


( 3(7593.75)( = 2(r3


( 3(7593.75) = 2r3


( 222781.25  = 2r3                                              calculator


( 11390.625  =  r3                                                            calculator


(     22.5 cm  =  r                                                 answer/calculator





The above is a delightful example of Hugh making a connection between two formulae (or connecting two concepts and forming a conceptual structure) and taking the solution to a successful conclusion in an ordinary level Leaving Certificate examination question (not a maximum/minimum question).





Despite’s Hugh’s perhaps reasonable anticipation ‘you still have to watch your step because you never know what you are going to stumble upon next’, I believe his above problem solving is a good example of  Hugh’s ability to ‘have more of a clear view of what is coming up in front of you’. 





HK      As the mist rises and as the day goes on you have more of a clear view of what is coming up in front of you.





Admittedly, in the above problem, a simpler overall conceptual structure than in maxima/minima problems is required. Nevertheless, Hugh was successfully connecting two formulae and forming a function of one variable and then successfully completing the question. 





Hugh’s success in the above ordinary level question is congruent with my expectation stated in an email [Data Archive: Email File]  to Jack Whitehead on December 12th, 1997 (which also intimates a sense of Hugh’s potential development in understanding and solving mathematics problems):





I would expect Hugh, who would be the ‘weakest’ of the three students at mathematics, to reach a relational level of understanding in the easier questions but to find reaching this level much more elusive when attempting the questions of greater difficulty. (James Finnegan, Email, December 12th, 1996)





The third claim in my fourth singularity study (Singularity Study Four: page 97) was:





Hugh’s ‘image’ of learning mathematics proffered in May 1997 communicates a more hopeful belief in his own ability to understand and solve problems, albeit in ordinary level mathematics, than the ‘image’ proffered in December 1996.





It is my belief that the C2 grade (60% - 64%) obtained by Hugh in the Ordinary Level Leaving Certificate Mathematics tests in June 1997 acts as a further support for the above claim.





The metaphorical ‘images’ from Hugh on December 17th (1996), January 13th (1997), and May 7th (1997) communicate, I believe, the change and development in Hugh’s thinking/feeling mood associated with his conceptual vision in mathematics� and helped me to more fully understand Hugh as a learner of mathematics. What is also significant, I believe, is that these metaphorical images emerged from a dialogic coming to know between Hugh and me as a result of my reading of Selinger (1994: pp. 185-194) and my conversations with Breid and Ann, which (my reading and conversations) were also part of a dialogic coming to know. 





The final part of my fourth study of a singularity [Singularity Study Four: page 105] includes my fourth claim� in the fourth singularity study and reads:





I believe my growing understanding of Hugh’s learning was an empathic understanding and that this understanding had a positive influence on Hugh’s learning and on Hugh’s confidence in his ability to succeed in mathematics.





JF      Do you think I have helped in any way?





HK      Yeah. You’re taking your time with me. You’re keeping an eye on me. It helps a lot definitely ------ you’ve been egging me on - that there - it helps me to do it.





At this juncture, it seems that the focus of the dialogue has moved away from Piaget and Vygotsky� and that I have once again crossed the valley in my metaphor to the ‘ground’ of the fourth field [page 75], perhaps an author’s ploy to place Hugh at the centre of this part of Chapter Eleven. However, such a movement is also an effort, in part, to remind the reader of the predominantly a posteriori nature of my theorising and, for me, there is no doubt that my understandings relating to Hugh’s conceptual vision in the fourth singularity study have been enriched and sharpened through dialogue with some of Vygotsky’s work�, in particular, by (a) Vygotsky’s notion of the zone of proximal development; by 


(b) the emphasis he placed on social interaction in the social construction of mind; and by (c) his appreciation of the interaction and distinctiveness between learning and development. 










































































3.   A Sixth Form Student’s ‘Conceptual Vision’ 


in Mathematics Revisited





Firstly, I will state what I will term ‘first order’ claims to knowledge which emanated from the ‘data’ of my fourth study of a singularity (1997):





I believe there is ample evidence (Singularity Study Four: pp. 78-83) to support my claim that both Hugh’s knowledge of basics and the rate at which Hugh learned were ‘stumbling blocks’ for Hugh in learning higher level mathematics in general and higher level maxima/minima problems in particular. [page 246 of thesis]





I believe that, despite Hugh’s slower rate of learning and difficulties with basics, there was a growth in Hugh’s understanding of mathematics during the course of the study. (Singularity Study Four: pp. 83-95) [page 252 of thesis]





Hugh’s ‘image’ of learning mathematics proffered in May 1997 communicates a more hopeful belief in his own ability to understand and solve problems, albeit in ordinary level mathematics, than the ‘image’ proffered in December 1996. (Singularity Study Four, 1997: p. 97) [page 260 of thesis]





I believe my growing understanding of Hugh’s learning was an empathic understanding and that this understanding had a positive influence on Hugh’s learning and on Hugh’s confidence in his ability to succeed in mathematics. (Singularity Study Four, 1997: p. 105) [page 261 of thesis]























Secondly, I will refer to what I will term ‘second order’ knowledge claims which emanated from dialogic interaction between my fourth study of a singularity and some of the work of Vygotsky�:





One possible implication of my first ‘second order’ claim on pp. 242-243 for my own future teaching and perhaps for some other teachers’ future teaching is that Vygotsky’s notion of actual and potential development within the zone of proximal development� could be used as one criterion in ascertaining who the most ‘disadvantaged’ student is in a particular group of students, thereby enhancing my own and possibly other teachers’ working notions of distributive justice and of acting more justly in the classroom. [pp. 242-243 and page 252]





In connection with the 1996-1997 sixth form mathematics students (17-18 year-old students) in my fourth study of a singularity it is worth reiterating that Hugh was the most ‘disadvantaged’ student in the 1996/1997 group of sixth form mathematics students as defined by my pp. 242-243 notion of distributive justice which incorporates a practical and discursively conscious interpretation of Vygotsky’s notion of the zone of proximal development. [pp. 242-243 and page 244]





My second ‘second order’ claim concerns the interaction between learning and development (Vygotsky, 1978: pp. 79-91). Vygotsky maintained that learning and development ‘are interrelated from the child’s very first day of life’ while Piaget considered learning to be ‘a purely external process that is not actively involved in development’ (Vygotsky, 1978: p. 79 and p. 84). [page 243]








It seems to me that when Hugh was developing ‘a more appropriate conceptual structure for building up a function of one variable in maximum/minimum differential calculus problems --- (but) was still struggling’ [pp. 249-252] he was beginning to engage in higher quality intramental functioning in a specific area of mathematics. Indeed, it seems fair to say that only slight progress was made by Hugh in the direction of higher quality intramental functioning when dealing with maximum/minimum problems in higher level mathematics [page 253].





Although slight, this movement from intermental functioning to intramental functioning for Hugh in a specific content area of mathematics, nonetheless, leads me to claim that learning has a role to play in a student’s development of appropriate conceptual structures that will help her/him to both understand and solve maximum/minimum differential calculus problems in higher level Leaving Certificate mathematics.


 


One implication of this claim is that it provides some support for, and at the very least does not contradict, Vygotsky’s notion that learning can provide an impetus for modifying the course of development (Vygotsky, 1978: p. 79), a notion which counters Piaget’s claim that learning ‘merely utilizes the achievements of development’ (Ibid.).





My third ‘second order’ claim concerns the emphases on social interaction within Vygotsky’s and Dewey’s work [pp. 254-255].





An implication of my third ‘second order’ claim is that when I claim that I was engaging in teaching/learning social interactions within the realm of the sixth form students’ zones of proximal development for the 1994, 1995, 1996, and 1997 singularity studies, I am effectively establishing a connection between Dewey’s ‘mode of associated living, of conjoint communicated experiences’ [(in my singularity study contexts) teaching/learning social interactions which include ‘teaching/learning communicative activities’] and Vygotsky’s notion of ‘the zone of proximal development’. Further, it seems to me that when my first ‘second order’ claim [page 242-243] is taken into account, especially for my 1994 and 1996 singularity studies, that I am also establishing a practical and theoretical connection between Dewey’s notion of democracy and my own notion of social justice [page 222] which can accommodate a practical and discursively conscious� interpretation of Vygotsky’s notion of the zone of proximal development when ascertaining who is the most disadvantaged student or group of students in a particular learning context.





In relation to my future teaching practice, I believe my first ‘second order’ claim [pp. 242-243] is the most important claim emanating from my fourth study of a singularity (1997). This claim can be incorporated into my own theory of social justice [page 222] as explained above.





The reflective-transfer question, ‘What’s in My Work for Others?’, is the central theme and question I address in my next and final chapter, Chapter Twelve.











� Vygotsky, after ten years of illness with tuberculosis, died when he was 38. Piaget lived until he was 84 and clearly benefitted from the ‘dramatic expansion in the field of developmental psychology’ with resultant access to a vast literature on child development (Wood, 1998: p. 37-38). Piaget, whose academic roots lay in biology, ‘sought to unify biology, natural science and psychology’, whereas Vygotsky, whose primary academic interests lay in literature and psychology (Luria, 1978: p. 15), ‘sought nothing less than a coherent theory of the humanities and social sciences’ (Wood, 1998: p. 8 and p. 11). Despite challenges to his work, Piaget has secured a considerable reputation in the latter half of the twentieth century. However, in the last ten years, ‘one of the most dramatic changes that has taken place in the intellectual climate of developmental psychology and educational theory has come from the impact of Vygotsky’s thinking within the field’ (Wood, 1998: p. 40). Indeed, Schaffer (1996: p. 251) refers to ‘Vygotsky’s rapid overtaking of Piaget in the citation stakes’ as indicative of the growing trend among most psychologists to view the development of cognition as taking place within a social context. My own belief in, and practical experience of, a dialogic coming to know within teaching and within the four singularity studies leads me to claim that social interaction has a very significant role to play in educational development.


� For my context, I replace the word ‘child’ with ‘student’.


� Again, for my purposes, I substitute the word ‘students’ for ‘children’ as my sixth form students are 17-18 year-old adolescents in their final year of secondary schooling.


� I am proud to include Ann in the ‘we’ as the two of us met nine times in evenings during the 1996/1997 enquiry, each evening meeting lasting about an hour (Singularity Study Four: p. 14). This critical-friendship support was crucial for me in my fourth study of a singularity.


� The juxtaposed terms in ‘general consensus’ infer that the belief, in all likelihood, is contested by some developmental psychologists. However, I believe my arguments for entering into dialogue with the work of Vygotsky and Piaget are not weakened by such an inference.


� Piaget does focus on a child’s active engagement with the environment, but ‘the nature of that environment in (Piaget’s) account is conceived very largely in asocial terms’ (Schaffer, 1996: p. 252).


� The new mathematics programme was first tested in 1994. Hugh sat his mathematics test in June 1997.


� According to Wood (1998: p. 41), ‘Vygotsky’s perspective on human development can hardly be called a fully fledged theory’.


� See Footnote 1, page 107.


� A Joint Involvement Episode is ‘any encounter between two individuals in which the participants pay joint attention to, and jointly act upon, some external topic’ (Schaffer, 1996: p. 253).


� To my mind, both internal and external factors interact in helping to shape individual differences.


� As Vygoysky (1978, p. 86) has stated that ‘The actual developmental level characterizes mental development retrospectively, while the zone of proximal development characterizes mental development prospectively’, it seems to me that this belief is shared implicitly by many people in secondary and further education in that teachers are asked to predict their students’ public examination grades in the students’ UCAS application forms for further education. The following provides an example of accuracy in my own case when writing up my fourth study of a singularity: on July 7th, 1997, I predicted that Felim would get a C1/B3 grade and that Paul would get a B1/A2 in the Leaving Certificate mathematics test which was held in June 1997; the results, which came out in August 1997, showed that Felim had obtained a B3 and that Paul had obtained an A2 (Singularity Study Four: page 75), confirming my sound judgement on this matter. Pertinently, in November 1996 (Singularity Study Four: page 14) I felt that Felim was in a C/B situation while Paul was in a B/A situation; however, my July 7th 1997 ‘prediction’ was more refined.


� Although I focus mainly on students’ learning needs where one of my central questions is, ‘How can I help you to improve your learning and contribute to your educational development?’, I do appreciate that ascertaining who is the most ‘disadvantaged’ student within a group of students involves many factors. Also significant is it to state my belief, regarding information processing, that both the rates at which students learn (speed of processing) and students’ processing capacitities can increase over time (Wood, 1998: p. 70); that is, I have no desire to permanently ‘lock’ any student into a ‘most disadvantaged’ frame of reference.


� In making this claim, I am not claiming that learning and development are identical processes. Further, both neo-nativists, who regard development as a process of maturation evolving from a genetic ‘blueprint’ rather than learning, and learning theorists, who argue that all knowledge and expertise has to be     


learned (Wood, 1998: p. 46) would challenge my stance regarding the interaction between learning and development and the distinctiveness of the two terms. However, rather than opening up an extensive debate at this juncture, I hope my work with Hugh will go some way towards supporting my claim that learning within a socially interactive context has a role to play in Hugh’s development of appropriate conceptual structures for understanding and solving maximum/minimum problems in mathematics.


� My own working notion of the zone of proximal development, while taking students’ mathematics results into account, is more intuitive than Vygotsky’s notion, especially in gauging Hugh’s potential development. Vygotsky’s definition is quite technical and quantitative (Vygotsky, 1978: p. 86) where the zone of proximal development is equal to the level of potential development as determined through problem solving with assistance, say, age 17, less the actual developmental level as determined by independent problem solving , say, age 15: here, the actual developmental level is 15 years and the zone of proximal development is 2 years. My own approach is more practicable and intuitive and does not involve formal psychological measurements. I believe Footnote 3 (page 242) is a reasonable indication of my 1996/1997 ability to gauge a student’s actual and potential development in understanding and solving problems in higher level Leaving Certificate mathematics.


� The bracketed terms are my own and are more relevant to my particular situation with Hugh.


� ‘Vygotsky’s relatively unsophisticated view of the natural line of development can be traced largely to the dearth of theoretical and empirical research on infants available in the early decades of the twentieth century’ (Wertsch and Tulviste, 1996: p. 68).


� Wertsch and Tulviste (1996: p. 61).


� My own view is tending toward the belief that an individual is involved, as an active agent, in the social construction of her/his own mind. Consistent with this belief is my belief that both nature and nurture (and I have little interest in giving % weightings) play a role in any human development.


� With the possibility of concomitant/consequent/subsequent improved learning for the sixth form students.


� To me, Hugh’s sense of his own conceptual vision in mathematics is related to Hugh’s sense of his actual and potential development in mathematics.


� Pat D’Arcy, proffering dialogic feedback for Chapter Eleven as a key respondent  (Thursday, June 25th, 1998), helped me to appreciate the above claim as a fourth claim in my 1997 study of a singularity.


� While I recognise that there are many challenges to Piaget’s theory [Lunzer (1989: pp. 27-29), Fontana (1995:  pp. 59-61), Schaffer (1996: p. 252), and Wood (1998: pp. 49-72)] and that Wood (1998: p. 42) has stated that ‘it is probably fair to say that there are as many grounds for disagreement amongst those who count themselves as ‘neo-Vygotskians’ as there are, say, between Vygotskians and those who derive theoretical inspiration from Piaget’, it is my belief, in relation to my work with Hugh and the specific focus on his conceptual vision in mathematics, that sufficiently opening up and doing justice to such a huge and complex debate is not part of the agenda for my thesis.


� And, to a lesser extent, through dialogue with some of Piaget’s work.


� When finding out about Vygotsky’s work I used three books, one book by Vygotsky (1978), one recent book dedicated solely to the work of Vygotsky and edited by Daniels (1996), and a recent book on learning which has significant sections on some of the work of Vygotsky (Wood, 1998). In my view, this was a highly appropriate form of triangulation to help me construct more sophisticated theory from my fourth study of a singularity (1997).


� Footnote 1, page 252.


� Footnote 2, page 23.
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